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ABSTRACT

Purpose: In this paper a new mathematical model and expressions for prediction of hardness of 
quenched and tempered steel was established.

Design/methodology/approach: Novel mathematical expression for prediction of hardness of 
quenched and tempered steel was established. This expression includes tempering temperature, 
hardenability properties and degree of hardening. By experimental work it was found out that 
results of quenching and tempering are related to hardenability properties of steel.

Findings: Based on experimental work it was found out that prediction of hardness of quenched 
and tempered steel is more precise by novel mathematical expression than by relation according 
to the German standard DIN 17021, or than by relation established by Just, E.

Research limitations/implications: By taking into account the hardenability properties of 
steels, influence of diffusivity on kinetic of tempering processes is indirectly taken into account in 
the mathematical modeling of tempering processes without using the chemical composition of 
steel.

Practical implications: The established relations were applied in mathematical modeling and 
computer simulation of quenching and tempering of shaft made of low alloyed steel. It was found 
out that hardness of quenched and tempered steel workpieces can be successfully calculated by 
the proposed method.

Originality/value: Hardenability properties of steel are included in the established relation to 
achieve more precise prediction of quenched and tempered steel hardness. The influence of 
diffusivity on kinetic of tempering processes is indirectly taken into account in the mathematical 
modeling of tempering processes without using the chemical composition of steel.
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METHODOLOGY OF RESEARCH, ANALYSIS AND MODELLING

1. Introduction 

Mathematical modeling of mechanical properties  

of quenched and tempered steel usually starts by 

mathematical modeling of as-quenched hardness [1]. 

Mathematical model of as-quenched hardness of steel can 

be based on characteristic time of cooling from 800°C  

to 500°C (t8/5) during the quenching [2,3]. The time  
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of cooling at specimen point can be predicted by  

numerical simulation of cooling using the finite volume 

method [4]. Hardness at specimen points can be estimated 

by the conversion of results of characteristic cooling  

time, t8/5, to hardness by using both, the relation  

between cooling time and distance from the quenched  

end of Jominy specimen and the Jominy hardenability 

curve [5]. 

Many mathematical expressions of relation between as-

quenched hardness of steel and hardness of steel after 

quenching and tempering are established [1,6]. Very useful 

expressions of hardness of steel after quenching and 

tempering are relations in accordance with German 

standard DIN 17021 and relation established by E. Just [7]. 

Both of these expressions assume one hour of duration of 

tempering. 

Table 1. 

Experimental results of as-quenched and quenched and tempered properties of steels [8] 

Steel 

Maximum 

hardness, 

HRCmax

Referent minimum 

hardness, 

HRCmin/HVmin

Specific 

Jominy 

distance, 

Ed/mm 

As-quenched 

hardness, HRCq

Hardness after quenching and 

tempering, HRCt

873 K 

(600°C) 

773 K 

(500 C) 

673 K 

(400°C) 

AISI 1045 57.15 3.49/131 4.72 
51.62 24.18 33.30 - 

27.63 20.37 24.66 25.79 

EN 28NiCrMo74 51.00 0.74/109 5.06 
49.22 20.91 26.57 - 

19.06 14.21 16.47 17.99 

EN 37MnSi5 56.88 3.30/130 7.35 
53.41 24.69 35.68 46.71 

33.04 21.43 26.13 31.19 

EN 71Si7 65.01 13.07/191 8.53 
63.49 35.02 45.47 54.97 

48.35 32.96 39.38 - 

AISI 5115 41.52 0.10/104 12.77 
39.71 20.00 27.49 35.34 

21.36 12.49 18.05 20.18 

AISI 4135 51.53 0.87/110 13.83 
42.78 26.03 35.19 39.77 

33.51 23.45 29.76 31.69 

EN 42MnV7 57.01 3.39/131 13.93 
52.28 32.42 38.87 44.68 

36.52 27.06 30.48 34.27 

AISI 4130 46.99 0.15/104 14.04 
44.20 24.19 34.49 39.25 

29.62 19.71 25.29 28.00 

AISI 5132 51.35 0.82/110 17.70 
46.37 28.95 36.07 43.47 

36.28 25.45 29.61 34.75 

AISI 5140 56.51 3.05/128 21.13 
51.59 27.68 37.63 46.77 

36.56 22.72 28.97 33.62 

EN 36Cr6 52.52 1.16/112 23.00 
48.41 33.10 39.46 - 

36.19 27.97 31.91 34.62 

AISI 3115 41.14 0.10/104 38.61 
38.81 22.84 32.15 35.77 

27.01 17.17 22.62 24.70 

2. Relation between quenched and 

tempered hardness and as-quenched 

hardness of steel according to the 

German standard DIN 17021 

In further investigation hardness which steel  

can achieve after quenching and tempering  

of one hour duration is accepted as reference value of 

hardness, HRCt. And during experimental work, duration 

of steel tempering is equal to one hour. Hardness at 

specimen points after quenching and tempering is related to 

as-quenched hardness. According to the German standard 

DIN 17021, relation between hardness after quenching, 

HRCq and hardness after quenching and tempering,  

HRCt is [6]: 

( ) 17HRC2.1167/HRC ttq −−= ϑ  (1) 

where �t/°C is tempering temperature. 

2.  Relation between quenched and 

tempered hardness and as - quenched 

hardness of steel according to the 

German standard DIN 17021
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Experimental verification of relation in Eq 1 was made 

on numerous carbon and low alloyed steels (Table 1). 

Correlation of hardness values after tempering given by 

relation according to the German standard DIN 17021 

(Eq 1) with experimental results showed that R-square was 

equal to 0.7541 (Fig. 1). 

Fig. 1. Comparison of hardness values after tempering 

given by relation according to the German standard DIN 

17021 (Eq 1) with experimental results [8] 

3. Just’s relation between quenched and 

tempered hardness and as-quenched 

hardness of steel 

Just, E. has found out that hardness of steel during the 

tempering will decrease more if as-quenched hardness is 

higher. The prediction of hardness after quenching and 

tempering is more precise if the degree of hardening, S is 

taken into account: 

max

q

HRC

HRC
=S (2) 

where HRCq is equal to hardness after quenching and 

HRCmax is maximum hardness which can be achieved by 

quenching. 

According to Just E., relation between the hardness 

after quenching, HRCq and the hardness after quenching 

and tempering, HRCt is equal to [7]: 

] /917)(8)exp[(HRC+8=HRC 6

ttq TS−  (3) 

where Tt/K is tempering temperature. 

Comparison of hardness values after tempering given 

by algorithm of Just E. (Eq 3) with experimental results 

was made on numerous carbon and low alloyed steels 

(Table 1). It was found out that results achieved by Just’s 

relation are more precise than results achieved by relation 

according to the German standard DIN 17021 (Eq 1). 

R-square for the algorithm established by Just E. (Eq 3), 

was equal to 0.9093 (Fig. 2). 

Fig. 2. Comparison of hardness values after tempering 

given by algorithm established by Just E. (Eq 3) with 

experimental results [8] 

4. New relation between quenched and 

tempered hardness and as-quenched 

hardness of steel 

Except of tempering temperature and degree of 

hardening, hardness after tempering could depend on other 

steel properties. It is known that kinetic of tempering 

processes depends on diffusivity of carbon and other 

elements in steel. At the same time, steels with less 

diffusivity of carbon and other elements have greater 

hardenability. It can be presumed that prediction of 

quenched and tempered steel hardness could be more 

precise if the hardenability properties of steels are taken 

into account in the mathematical modelling of kinetic of 

tempering processes. In this way, the influence of 

diffusivity on kinetic of tempering processes will be 

indirectly taken into account by implementation of 

hardenability properties, without using a chemical 

composition of steel. 

3.  Just’s relation between quenched and 

tempered hardness and as-quenched 

hardness of steel

4.  New relation between quenched and 

tempered hardness and as-quenched 

hardness of steel
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Hardenability properties of steel can be represented by 

both, the Jominy distance, Ed, which corresponds to the 

distance with 50 % of martensite in the microstructure of 

quenched steel and maximum hardness, HRCmax (Fig. 3). In 

Fig. 3 hardness HRCq is achieved hardness at some 

specimen distance from quenched end of Jominy specimen. 

It is known that quenched and tempered hardness is 

depends on the degree of hardening, S (Fig. 3). 

Fig. 3. Characteristic values of Jominy curve 

Correlation between hardness of quenched steel with  

50% of martensite in the microstructure, HRC50%M, and 

maximum hardness, HRCmax exists [6]: 

max50%M .73HRC0=HRC  (4) 

To establish relation between as-quenched hardness and 

quenched and tempered hardness of steel an experimental 

work was done. These relations include hardenability 

properties for mathematical modelling of tempered 

hardness of steel. 

To improve precision of prediction of hardness of steel 

after quenching and tempering, hardness HRCmin which is 

material constant which corresponds with hardness of steel 

after annealing is included in mathematical expressions of 

hardness [7]. For this reason factor K is included in 

regression analysis of hardness of quenched and tempered 

steel: 

mint

minq

HRCHRC

HRCHRC

−

−

=K  (5) 

Correlations exist between the tempering temperature, 

degree of hardening, Jominy distance, Ed and factor K. 

Influences of tempering temperature, degree of hardening, 

S, and Jominy distance, Ed, on factor K, are shown in 

Figs. 4-6, respectively. 

All investigated values, tempering temperature, degree 

of hardening, S, Jominy distance, Ed, have correlation with 

factor K (Figs. 4-6). It is possible to presume that multiple 

regression exists between factor K on one side, and 

tempering temperature, degree of hardening S, and Jominy 

distance, Ed, on the other side [9]: 
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where Ttr/K is the reference value of tempering 

temperature. Reference value of tempering temperature of 

one hour duration of tempering process, is equal to applied 

tempering temperature. While a, n1, n2 and n3 are constants 

that are established by regression analysis. Using 

established values for a, n1, n2 and n3, factor K can be 

expressed by: 
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Fig. 4. Influence of the tempering temperature on factor K

Since hardness after quenching and tempering of steel 

can be expressed based on as-quenched hardness, HRCq, by 

[10, 11]: 

min

minq

t HRC
HRCHRC

HRC +

−

=

K

 (8) 

Hardness after quenching and tempering of steel can be 

expressed by [8]: 

min

3232.0

d
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7484.6
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minq

t HRC

69.808
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Comparison of hardness values after quenching and 

tempering of steel given by established relation (Eq 9), 

with experimental results was done for numerous carbon 

and low alloyed steels (Table 1). For established relation 

(Eq 9) R-square was equal to 0.9567 (Fig. 7).  
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a) b) 

c) d) 

Fig. 5. Influence of the degree of hardening, S on factor K
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a) b) 

c) d) 

Fig. 6. Influence of the Jominy distance, Ed, which corresponds to the distance with 50 % of martensite in the microstructure 

on factor K
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Fig. 7. Comparison of hardness values after tempering 

given by established algorithm (Eq 9) with experimental 

results [8] 

For algorithm accepted by German standard DIN 17021 

(Eq 1), R-square was equal to 0.7541 (Fig. 1), and for 

algorithm established by Just E. (Eq 3), R-square was equal 

to 0.9093 (Fig. 2). It is visible that R-square for established 

relation (Eq 9) is higher than R-square for other two 

investigated relations. 

5. Application 

Established mathematical model of hardness of 

quenching and tempering is applied in the computer 

simulation of quenching and tempering of the steel shaft. 

As-quenched hardness of the shaft was predicted by 

computer program BS-QUENCHING [3]. 

The shaft was made of steel EN 42CrMo4. The 

chemical composition of investigated shaft is: 0.38% C, 

0.23% Si, 0.64% Mn, 0.019% P, 0.013% S, 0.99% Cr, and 

0.16% Mo. Jominy test results of the investigated steel are 

shown in Table 2. Geometry of the steel shaft is shown in 

Fig. 8. Shaft was quenched from 1123 K (850°C)/45 

min/oil with H-value equal to 0.2. After quenching, shaft 

was tempered at 753 K (480°C)/60 min/air. Distribution of 

hardness of the quenched shaft is shown in Fig. 9, and 

distribution of hardness of the shaft after quenching and 

tempering is shown in Fig. 10. 

Fig. 8. Geometry of steel shaft 

Fig. 9. Distribution of hardness of quenched steel shaft

5.  Application
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